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OCHA AND THE SWISS-CHEESE OPERAD
EDUARDO HOEFEL
Abstrat. In this paper we show that the relation between Kajiura-Stashe's OCHA and A.
Voronov's swiss-heese operad is analogous to the relation between SH Lie algebras and the little
diss operad. More preisely, we show that the OCHA operad is quasi-isomorphi to the operad
generated by the top-dimensional homology lasses of the swiss-heese operad.
Introdution
OCHA refers to the homotopy algebra of open and losed strings introdued by Kajiura and
Stashe [16℄ inspired by the work of Zwiebah on string eld theory [35℄. In [16℄ the A∞-algebras
over L∞-algebras are also introdued, they are the strong homotopy version of g-algebras (or Leibniz
pairs, see [8℄). An OCHA is a struture obtained by adding other operations to an A∞-algebra over
an L∞-algebra. The physial meaning of those additional operations is given by the opening of a
losed string into an open one.
Considering that its relevane to Physis is well aknowledged (see also [17℄), in the present paper
we further explore the mathematial signiane of a full OCHA, not restrited to an A∞-algebra
over an L∞-algebra. In [14℄ we have proven that any degree one oderivationD ∈ Coder(ScL⊗T cA)
suh that D2 = 0 denes an OCHA struture on the pair (L,A). In this work we study the relation
between OCHA's and A. Voronov's swiss-heese operad and show that it is analogous to the relation
between SH Lie algebras and the little diss operad. A graded Lie algebra is part of the struture
of a Gerstenhaber Algebra, whih in turn is equivalent to an algebra over the homology little diss
operad. The Lie part of a Gerstenhaber algebra is given by the top-dimensional homology lasses
of the little diss operad.
We will study the suboperad of the homology swiss-heese operad generated by top-dimensional
homology lasses and show that it is quasi-isomorphi to the operad whose algebras are OCHAs.
The quasi-isomorphism, however, is not of operads but only a quasi-isomorphism of modules over
the operad L∞ of L∞-algebras.
Let OC∞ be the OCHA operad and let OC denote the suboperad of the homology swiss-heese
operad generated by top-dimensional homology lasses. Our main result is the following.
Theorem. There is a morphism of dierential graded L∞-modules µ : OC∞ −→ OC whih indues
an isomorphism in ohomology.
The paper is organized as follows. In setion 1 we briey review F. Cohen's theorem on the ho-
mology of the little diss operad and state it using trees. Setion 2 reviews the analogous desription
of the homology swiss-heese operad in terms of generators and relations given by trees. In setion
3 we dene OCHA in a grading and signs onvention whih is dierent from the original one in
[16℄. The denition given here is appropriate for studying its orrespondene with the ompatied
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onguration spae of points on the losed upper half plane. We show that both denitions are
equivalent through the (de)suspension operator. A denition of the OCHA operad OC∞ is provided
in setion 4 using the partially planar trees, a type of tree whih is dened in the same setion.
Setion 5 reviews the onstrution of the ompatied onguration spaes C(p, q) rst introdued
by Kontsevih in [19℄. The ombinatorial struture of its boundary strata is desribed in terms
of partially planar trees and some examples are provided. The well known equivalene between
C(1, q) and the ylohedron Wq+1 is explained in terms of those trees. In setion 6 we prove the
quasi-isomorphism between OC∞ and OC viewed as modules over the operad L∞ of L∞ algebras.
The main tool used in its proof is the spetral sequene of C(p, q) as a manifold with orners.
Notation and Conventions. Let us x a eld k of harateristi zero. In this paper, all ve-
tor spaes are over k and `graded vetor spae' will always mean `Z-graded vetor spae', un-
less otherwise stated. Let V be a graded vetor spae, we dene a left ation of the symmetri
group Sn on V
⊗n
in the following way: if τ ∈ S2 is a transposition, then the ation is given by
x1 ⊗ x2
τ
7→ (−1)|x1||x2|x2 ⊗ x1. Sine any σ ∈ Sn is a omposition of transpositions, the sign of the
ation of σ on V ⊗n is well dened:
(1) x1 ⊗ · · · ⊗ xn
σ
7→ ǫ(σ)xσ(1) ⊗ · · · ⊗ xσ(n).
We will refer to ǫ(σ) as the Koszul sign of the permutation. Let us dene χ(σ) = (−1)σǫ(σ), where
(−1)σ is the sign of the permutation.
Given two homogeneous maps f, g : V → W between graded vetor spaes, aording to the
Koszul sign onvention (whih will be used throughout this work), we have:
(2) (f ⊗ g)(v1 ⊗ v2) = (−1)
|g||v1|(f(v1)⊗ g(v2)).
We will use the notation of Lada-Markl [20℄ for the suspension and desuspension operators: ↑
and ↓. Let ↑V (resp. ↓V ) denote the suspension (resp. desuspension) of the graded vetor spae
V dened by: (↑V )p = V p−1 (resp. (↓V )p = V p+1). We thus have the natural maps ↑: V →↑V of
degree 1, and ↓: V →↓V of degree −1. Let ↑⊗n denote
⊗n ↑:⊗n V →⊗n ↑V and ↓⊗n is dened
analogously. The operators ↑⊗n and ↓⊗n transform symmetri operations into anti-symmetri ones.
In fat, let E (resp. A) denote the symmetri (resp. anti-symmetri) left ation of the group of
permutations Sn on V
⊗n
:
E(σ)(x1 ⊗ · · · ⊗ xn) = ǫ(σ)xσ(1) ⊗ · · · ⊗ xσ(n)(3)
A(σ)(x1 ⊗ · · · ⊗ xn) = χ(σ)xσ(1) ⊗ · · · ⊗ xσ(n)(4)
Both ations are related by: ↑⊗n E(σ) ↓⊗n= (−1)n(n−1)/2A(σ), for any σ ∈ Sn. In partiular,
↑⊗n ◦ ↓⊗n= (−1)n(n−1)/2 · 11. The sign (−1)n(n−1)/2 is a onsequene of the Koszul sign onvention
(2) dened above (see also [7℄).
Let us now desribe how the notation for operads and its related onepts (suh as: representa-
tions, ideals and modules) will be used in this paper. Our desription will not neessarily inlude
preise denitions. Those an be found in [24℄. An operad is any sequene O = {O(n)}n>1 of
objets in a symmetri monoidal ategory (suh as the ategory of topologial spaes or the ate-
gory of vetor spaes) endowed with a right ation of the symmetri group Sn on eah O(n) and a
omposition law satisfying natural assoiative and equivariane onditions.
Given a graded vetor spae V , the endomorphism operad of V is dened as EndV (n) =
Hom(V ⊗n, V ). The omposition law ◦i in EndV is dened by the usual omposition in the ith
variable of multilinear maps and the right ation of Sn on Hom(V
⊗n, V ) is the omposition with
the symmetri left ation E dened by (3). In partiular, this means that for graded vetor spaes,
aording to our onventions, `symmetri' always mean `graded symmetri'.
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Among the standard examples of operads are those dened in terms of trees. In this paper, in
aordane with [10℄, trees are oriented and not neessarily ompat: an edge may be terminated
by a vertex at only one end (or none). Suh an edge is alled external. An external edge oriented
toward its vertex is alled a leaf, otherwise it is alled the root. Trees are assumed to have only
one root. The leaves of eah tree are labeled by natural numbers. The ation of Sn on trees with
n leaves is dened by permuting the labels. The omposition law ◦i on operads dened in terms of
trees is given by the grafting operation, i.e., the identiation of the root of one tree with the leaf
labelled i of the other tree.
We also need to mention the oloured operads, a onept that goes bak to Boardman and Vogt
[3℄. Following the notation of Berger and Moerdijk [2℄, given a set of olours C, a C-oloured operad
P is dened by assigning to eah (n+ 1)-tuple of olours (c1, . . . , cn; c) an objet
P(c1, . . . , cn; c) in some monoidal ategory
endowed with a omposition law and a symmetri group ation. The dening onditions for oloured
operads are analogous to those for ordinary operads.
Given a family A = {Ac}c∈C of vetor spaes indexed by C, the C-oloured operad End(A) is
dened by:
(5) End(A)(c1, . . . , cn; c) = Hom(Ac1 ⊗ · · · ⊗Acn , Ac).
For oloured operads, the omposition law is only dened when the olour of the output oinides
with the olour of the input. Another example of a oloured operad is given by trees with oloured
edges, i.e., trees suh that for eah edge is assigned a element in some set C. For trees with oloured
edges, the grafting operation is only dened when the olour of the root oinides with the olour of
the orresponding leaf. Coloured trees will be used throughout the present paper. In fat, we will
use 2-oloured trees where the olours of the edges are wiggly or straight, aording to the notation
used in [16℄.
Let P be an operad and let M = {M(n)}n>1 be a sequene of objets where eah M(n) has a
right Sn-ation. We say that M is a left P-module if it is endowed with a left `operadi ation' ◦
λ
i :
(6) ◦λi : P(n)⊗M(m)→M(m+ n− 1)
whih is equivariant and satises assoiative onditions analogous to those in the denition of
operads. The denition of right modules is similar.
An ideal in an operad P is a sequene of objets I = {I(n)}n>1 with I(n) ⊆ P(n), where eah
I(n) is invariant under the ation of Sn and I is a left and right P-module. We refer the reader to
[24℄ for the preise denitions and further details about these onepts.
1. The homology little disks operad
We begin by realling the desription of the homology little diss operad H•(D) in terms of
generators and relations. To keep our notation in aordane with [16℄, we will represent lasses in
H•(D) by trees with wiggly edges. As usual in operad theory, all trees are assumed to be rooted and
oriented toward the root. A tree with only one vertex and n inoming edges is alled an n-orolla.
The little disks operad (also alled little 2-disks operad) is a sequene D = {D(n)}n>1 of topo-
logial spaes D(n) dened as the spae of all maps
d :
∐
16s6n
Ds → D
from the disjoint union of n numbered standard two dimensional disks D1, . . . , Dn to D, where
D := {(x1, x2) ∈ R
2 | x21 + x
2
2 6 1},
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suh that d, when restrited to eah disk, is a omposition of translation and multipliation by a
positive real number and the images of the interiors of the disks are disjoint. The symmetri group
ats by renumbering the disks. We may interpret d ∈ D(n) as the standard disk D with n numbered
disjoint irular holes. The operad omposition γD(d; d1, . . . , dn) is, intuitively speaking, given by
gluing n disks d1, . . . , dn in the holes of the disk with holes d, and erasing the seams (see [24, 25℄
for more preise denitions).
Sine D(2) is homotopy equivalent to S1, its homology has two generators. The zero dimensional
generator will be denoted by a 2-orolla with a white vertex: ◦, while the one dimensional generator
will be denoted by a 2-orolla with a blak vertex: •. Let
{ 1 2
,
1 2 }
be a basis for H•(D(2)), where the rst generator has degree zero, the seond has degree one and
both are invariant under the ation of the permutation group. An algebra over H•(D) will thus
have two graded symmetri operations. Notie however that the braket dened below by (9) is
skew graded symmetri, as required by the denition of a Gerstenhaber algebra. F. Cohen's famous
result about the homology of D an be stated in the language of trees, as follows.
Theorem 1.1 (F. Cohen [5℄). The homology little disks operad H•(D) is isomorphi, as an operad of
Z-graded vetor spaes, to the operad generated by the above trees, subjet to the following relations:
i) Both generators are invariant under permutation of their labels;
ii) Jaobi identity:
+ 0+
1 2 3 13 2
=
2 3 1
;
iii) Leibniz rule:
=
3
+
1 2 3 1 2 3 2 1
.
Let us now desribe algebras overH•(D). It is well known that algebras overH•(D) are equivalent
to Gerstenhaber algebras. However, a brief desription of that equivalene will help larify our
exposition involving the swiss-heese operad and its relations to OCHA.
Remember that V is an algebra overH•(D) if there is a morphism of operads Φ : H•(D)→ EndV
where EndV (n) = {Hom(V ⊗n, V )}, is the endomorphism operad. Consequently, V is a graded
vetor spae endowed with two graded symmetri operations m2 : V ⊗ V → V of degree |m2| = 0,
orresponding to the rst generating tree, and l2 : V ⊗ V → V of degree |l2| = 1 orresponding to
the seond generating tree.
The two relations presented above in terms of trees orrespond to the equalities:
(7)
∑
σ
l2 ◦ (11⊗ l2) ◦ E(σ) = 0
and
(8) l2 ◦ (11⊗m2) = m2 ◦ (l2 ⊗ 11) +m2 ◦ (11⊗ l2) ◦ E(τ1,2).
In the rst equality, σ runs over all yli permutations and E(σ) is dened by (3). In the seond
equality τ1,2 denotes the transposition (1 2). Notie that E(σ) appears in both formulas above
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beause, by denition, the right ation of Sn on Hom(V
⊗n, V ) is given by omposition with E(σ).
Given homogeneous elements x, y, z ∈ V , identities (7) and (8) are expressed by:
(−1)|x||z|l2(l2(x, y), z) + (−1)
|x||y|l2(l2(y, z), x) + (−1)
|y||z|l2(l2(z, x), y) = 0
l2(x, y · z) = l2(x, y) · z + (−1)
(|x|−1)|y|y · l2(x, z)
where the dot produt denotesm2. Notie that the sign (−1)(|x|−1)|y| ours in the seond expression
as a onsequene of the transposition τ1,2 and the Koszul sign onvention.
To see that an algebra overH•(D) is equivalent to a Gerstenhaber algebra, we just need to dene
the braket:
(9) [x, y] := (−1)|x|l2(x, y)
it is not diult to see that
[x, y] = −(−1)(|x|−1)(|y|−1)[y, x].
and
(−1)(|x|−1)(|z|−1)[[x, y], z] + (−1)(|x|−1)(|y|−1)[[y, z], x] + (−1)(|y|−1)(|z|−1)[[z, x], y] = 0.
This shows that the struture of an algebra over H•(D) is equivalent to the struture of an
Gertenhaber algebra on V with braket dened by (9).
2. The Homology swiss-heese operad
In this setion we reall the denition of the swiss-heese operad [32℄, denoted by SC. We will
present the homology swiss-heese operad using 2-oloured trees. Harrelson [11℄ has presented
similarly the homology of open-losed strings in the wider ontext of PROPs. The following presen-
tation of the homology swiss-heese operad is a partiular ase of Harrelson's open-losed homology
PROP.
The swiss-heese operad SC is a 2-oloured operad. We will use the initials of open and losed
as our set of olours: C = {o, c}. For m > 0, n > 0 with m+n > 1, SC(m,n; o) is the onguration
spae of non-overlapping disks labeled 1 through m and upper semi-disks labeled 1 through n
embedded by translations and dilations in the standard unit upper semi-disk so that the embedded
semi-disks are all entered on the diameter of the big semi-disk.
For m > 1 and n = 0, SC(m, 0; c) = D(m) is just the usual omponent of the little disks operad,
and SC(m,n; c) is the empty set for n > 1.
Observation 2.1. The omponents of the form SC(m, 0; o) were exluded in the original denition
of the operad SC, (see [32℄), i.e., those omponents whih have only diss as inputs and intervals
as output were not to be onsidered in the original denition. Here, however, we shall keep the
omponents SC(m, 0; o), m > 1, sine they are ruial for the OCHA struture. In fat, as we will
see in this paper, a zero dimensonal generator of the homology of SC(1, 0; o) orresponds to the map
n1,0 : L → A. The physial meaning of n1,0 being given by the opening of a losed string into an
open one, see [16, 17℄.
Let us now desribe the homology swiss-heese operad H•(SC) in terms of generators and re-
lations using trees. Sine H•(SC) is a 2-oloured operad, our trees must also be 2-oloured. The
olours we use are wiggly and straight.
Let l2 =
1 2
and m2 =
1 2
denote the generators of H•(SC(2, 0; c)) = H•(D(2)). Both
spaes SC(1, 0; o) and SC(0, 2; o) are ontratible beause the elements of SC(1, 0; o) have only one
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interior dis while SC(0, 2; o) is homeomorphi to C1(2) (where C1 is the little intervals operad)
whih is well known to be ontratible. Their degree zero homology generators will be denoted
respetively by
n1,0 =
1
and n0,2 =
1 2
.
So, the degrees of the above generators are: |l2| = 1 and |m2| = |n1,0| = |n0,2| = 0. The analog of
Cohen's theorem an be stated as follows.
Theorem 2.2. The homology swiss-heese operad H•(SC) is isomorphi, as a Z-graded 2-oloured
operad, to the 2-oloured operad generated by: l2, m2, n1,0 and n0,2, satisfying the following rela-
tions:
a) l2 is invariant under permutation and satises the Jaobi identity;
b) m2 is invariant under permutation and assoiative;
) l2 and m2 satisfy the Leibniz rule;
d) n0,2 is assoiative;
e)
=
1 1 1 1
and
2
=
1 2 1
.
Observation 2.3. Given a oloured tree, if it has k leaves of some olour c, then those leaves are
labeled 1 to k. So, on the same tree we may have two leaves of dierent olours with the same label.
Proof of Theorem 2.2. We rst show that l2, m2, n1,0 and n0,2 generate the operad H•(SC). In
fat, SC(0, n; o) is homeomorphi to the little intervals operad C1 and hene H•(SC(0, n; o)) is
generated by n0,2. The spae SC(1, 0; o) onsists of ongurations of one disk inside the standard
semi disk and is also ontratible, hene the need for the zero dimensional generator n1,0. Finally
observe that SC(m,n; o) is homotopy equivalent to D(m) × Sn, thus from Theorem 1.1 any lass
in H•(SC(m,n; o)) is obtained from operadi omposition of l2, n1,0 and n0,2. In order to generate
the full operad H•(SC) we need to onsider SC(m, 0; c) = D(m). But we already know that its
homology is generated by l2 and m2 from Theorem 1.1.
We now show that the generators in fat satisfy the above relations. Relation e) involve only
zero dimensional homology lasses and one an easily hek that the ompositions indiated in e)
belong to the same path omponent of the swiss-heese. Item d) follows immediately from the fat
that SC(0, n; o) is the little intervals operad C1(n). Sine SC(m, 0; c) = D(m), relations a), b) and
) are preisely the statement of Theorem 1.1. 
We will now study algebras over H•(SC). Sine our main interest is in OCHA and, as said in the
introdution, OCHA is related to part of the struture of the homology swiss-heese, let us dene
a suboperad of H•(SC) ontaining the relevant struture.
Denition 2.4. OC is the suboperad of H•(SC) generated by l2, n1,0 and n0,2. Algebras over OC
will be alled open-losed algebras or simply OC-algebras.
Observation 2.5. Let L be the operad dened by L(n) = Hn−1(D(n)) for n > 1, i.e., L is the
operad of top dimensional homology lasses of the little diss operad. From Theorem 1.1, we see
that the operad L is generated by an element l2 ∈ H1(D(2)) whih is invariant under the symmetri
group ation and satises the Jaobi identity. Consequently, l2 orresponds to a degree one graded
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ommutative bilinear operation satisfying the Jaobi identity. Under operadi desuspension, the new
generator will have degree zero, will be graded anti-ommutative and will satisfy the Jaobi identity.
In other words, the operadi desuspension s−1 transforms L into the Lie operad: Lie = s−1L (see
[24℄ for the denition of operadi (de)suspension). In this paper we refer to L as the Lie operad by
abus de langage.
There is an analogy between the operads OC and L whih is sumarized bellow:
OC ⇐⇒ top-dimensional generators of H•(SC)
L ⇐⇒ top-dimensional generators of H•(D).
An algebra over OC (or OC-algebra) onsists of a pair of Z-graded vetor spaes L and A suh
that L is endowed with a degree one symmetri operation l2 : L ⊗ L → L satisfying the Jaobi
identity, A has a degree zero operation m2 : A⊗A→ A dening a struture of assoiative algebra
and there is a degree zero linear map n1,0 : L → A. From the rst identity in item e) of Theorem
2.2, it follows that n1,0 takes L into the enter of A.
3. Open-losed homotopy algebras
OCHA's were originally dened in a partiular grading and signs onvention where all multilinear
maps have degree one and, after being lifted as a oderivation D ∈ Coder(ScL⊗ T cA), the OCHA
axioms are translated into the single ondition: D2 = 0.
In order to study the relation between OCHA and the swiss-heese operad, we need a denition
where grading and signs are given by the orresponding ompatied onguration spae. More
speially, a denition where the degrees are equal to minus the dimension of the onguration
spae and the signs in the axioms are hosen so as to make them ompatible with the boundary
operator in the rst row of the E1 term of the spetral sequene of the ompatied onguration
spae. In this setion we present the denition in this geometrial setting. It is proven in the
Appendix that both denitions are equivalent.
Let us rst reall the denition of SH Lie [21℄ algebras in a grading and signs onvention om-
patible with its ompatied onguration spae desription (see [18, 31℄).
Denition 3.1 (Strong Homotopy Lie algebra). A strong homotopy Lie algebra (or L∞-algebra) is
a Z-graded vetor spae V endowed with a olletion of graded symmetri n-ary brakets ln : V
⊗n →
V , of degree 3− 2n suh that l
2
1 = 0 and for n > 2:
(10) ∂ ln(v1, . . . , vn) =
∑
σ∈Σk+l=n
k>2,l>1
ǫ(σ) l1+l(lk(vσ(1), . . . , vσ(k)), vσ(k+1), . . . , vσ(n)) = 0
where σ runs over all (k, l)-unshues, i.e., permutations σ ∈ Sn suh that σ(i) < σ(j) for 1 6 i <
j 6 k and for k + 1 6 i < j 6 k + l.
Observation. The operator ∂ in the above denition denotes the indued dierential on the endo-
morphism omplex, i.e.:
∂ ln = l1ln + ln(l1 ⊗ 1⊗ · · · ⊗ 1+ · · · + 1⊗ · · · ⊗ 1⊗ l1).
Denition 3.2 (Open-Closed Homotopy Algebra − OCHA). An OCHA onsists of a 4-tuple
(L,A, l, n) where L and A are Z-graded vetor spaes, l = {ln : L⊗n → L}n>1 and n = {np,q :
L⊗p ⊗ A⊗q → A}p+q>1 are two families of multilinear maps where ln has degree 3 − 2n and np,q
has degree 2 − 2p − q, suh that (L, l) is an L∞-algebra and the two families satisfy the following
8 EDUARDO HOEFEL
ompatibility ondition:
∂ nn,m(v1, . . . , vn, a1, . . . , am) =
=
∑
σ∈Σp+r=n, p>2
(−1)ǫ(σ)n1+r,m(lp(vσ(1), . . . , vσ(p)), vσ(p+1), . . . , vσ(n), a1, . . . , am) +
+
∑
σ∈Σp+r=n, i+j=m−s
(r,s)6=(0,1),(n,m)
(−1)µp,i(σ)np,i+1+j(vσ(1), .., vσ(p), a1, .., ai, nr,s(vσ(p+1), .., vσ(n), ai+1, .., ai+s), ai+s+1, .., am).
where µp,i(σ) = s+ i+ si+ms+ ǫ(σ) + s(vσ(1) + · · ·+ vσ(p) + a1 + · · ·+ ai)+
+ (a1 + · · ·+ ai)(vσ(i+1)) + · · ·+ vσ(n)).
Observation. The operator ∂ in the above denition denotes the indued dierential on the endo-
morphism omplex, i.e.:
∂ nn,m = n0,1nn,m − (−1)
m nn,m(dLn ⊗ 1
⊗m
A + 1
⊗n
L ⊗ dAm)
where dLn = l1⊗1⊗···⊗1+ ··· +1⊗···⊗1⊗l1 and dAm = n0,1⊗1⊗···⊗1+ ··· +1⊗···⊗1⊗n0,1.
It is onvenient to have a shorthand expression for the OCHA relations:
(11) ∂ nn,m =
∑
σ∈Σp+r=n, p>2
n1+r,m(lp ⊗ 1
⊗ r
L ⊗ 1
⊗m
A )(E(σ) ⊗ 1
⊗m
A ) +
+
∑
σ∈Σp+r=n, i+j=m−s
(r,s)6=(0,1),(n,m)
(−1)s+i+si+msnp,i+1+j(1
⊗ p
L ⊗ 1
⊗ i
A ⊗ nr,s ⊗ 1
⊗ j
A )(E(σ) ⊗ 1
⊗m
A )
where E(σ) was dened by formula (3) on page 2. The ompliated sign of the denition is
absorbed in the above expression if we assume the following standard onvention: given two maps
h1, h2 : V ⊗W → U , the tensor produt h1⊗h2 dened on V ⊗
2
⊗W⊗
2
is given by: (h1⊗h2)((v1⊗
v2)⊗ (w1 ⊗ w2)) = (−1)|v2||w1|h1(v1, w1)⊗ h2(v2, w2).
Example 3.3. Here is a list of the rst few OCHA relations:
∂ n0,1 = 2 (n0,1)
2 = 0(12)
∂ n1,1 = n0,2(n1,0 ⊗ 11A)− n0,2(11A ⊗ n1,0)(13)
∂ n2,0 = n1,0l2 + n1,1(11L ⊗ n1,0) + n1,1(11L ⊗ n1,0)E(τ1,2)(14)
(15) ∂ n1,2 = n1,1(1L ⊗ n0,2)− n0,2(n1,1 ⊗ 1A)− n0,2(1A ⊗ n1,1)+
+ n0,3(n1,0 ⊗ 1A ⊗ 1A)− n0,3(1A ⊗ n1,0 ⊗ 1A) + n0,3(1A ⊗ 1A ⊗ n1,0)
(16) ∂ n2,1 = n1,1(l2 ⊗ 1A) + n1,1(1L ⊗ n1,1) + n1,1(1L ⊗ n1,1)(E(1 2)⊗ 1A)+
+ n0,2(n2,0 ⊗ 1A)− n0,2(1A ⊗ n2,0) + n1,2(1L ⊗ n1,0 ⊗ 1A)− n1,2(1L ⊗ 1A ⊗ n1,0)+
+ n1,2(1L ⊗ n1,0 ⊗ 1A)(E(1 2)⊗ 1A)− n1,2(1L ⊗ 1A ⊗ n1,0)(E(1 2)⊗ 1A)
Relation (12) simply says that n0,1 is a dierential operator. On the other hand, (13) means that
n1,0 takes L into the homotopy enter of A where n1,1 is the homotopy operator. The onguration
spae orresponding to n1,1 is the ylohedron W2 (see example 5.3). The onguration spae
orresponding to relation (14) is The Eye (Figure 4 pg.22). Relation (15) orresponds to the
onguration spae W3 (Figure 3 pg.22). Finally, relation (16) orresponds to the onguration
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spae illustrated by Figure 5 pg.23. If we onsider an OCHA struture where the maps n1,0 and
n2,0 are set equal to zero, then relations (15) and (16) together say that n1,1 : L⊗A→ A is a Lie
algebra ation by derivations up to homotopy.
It is a well known fat that A∞ and L∞ algebras an be dened both in the geometrial setting
(where the degrees of the multilinear maps are minus the dimension of the orresponding ongu-
ration spae) and the algebrai setting where all the maps have degree 1. It is also well known that
both denitions are equivalent through the (de)suspension operator. The same is true for OCHA.
Proposition 3.4. An OCHA struture (L,A, l, n), in the grading and signs onventions of dention
3.2, is equivalent to a degree one oderivation D ∈ Coder(Sc(↓↓L)⊗ T c(↓A)) suh that D2 = 0.
The proof of this fat amounts to an appropriate use of the Lada-Markl notation for the suspen-
sion and desuspension operators ↑ and ↓ (see [20℄) and is provided in the Appendix.
4. The OCHA operad OC∞
In this setion we study the operad OC∞ whose algebras are preisely OCHA's as given in
Denition 3.2. Our presentation of OC∞ is slightly dierent from (but naturally equivalent to) the
original denition in [16℄ beause of the dierent onventions. We begin by dening the partially
planar trees.
Denition 4.1. A partially planar tree is an isotopy lass of oriented rooted trees embedded in
the eulidean 3 dimensional spae R3 suh that a xed subset of edges is ontained in the xy-plane.
Planar edges will be denoted by straight lines, while spatial edges will be denoted by wiggly lines.
Observation 4.2. Partially planar trees have appeared in the work of Merkulov [26℄. Merkulov,
however, uses wiggly lines for planar edges and straight lines for spatial edges.
The partially planar trees relevant for the denition of OC∞ have a spei form we now begin
to desribe. We dene ln as the orolla whih has n leaves and only spatial edges and np,q as the
orolla with planar root, p spatial leaves and q planar leaves. Leaves of dierent olours are labelled
by dierent sets:
(17)
1 2
. . .
. . . n
ln =
. . . . . .1 1
np,q =
. . . . . .
qp
.
As mentioned in the introdution, the grafting operation of a tree T2 on some leaf of a tree T1 is
only dened when the olour of the root of T2 is equal to the olour of the orresponding leaf of T1.
The grafting of a tree T2 with spatial root on the ith spatial leaf of some tree T1 will be denoted
by:
(18) T1 ◦i T2
On the other hand, the grafting of a tree with planar root T4 on the ith planar leaf of some tree T3
will be denoted by:
(19) T3 •i T4
Consider the set of all orollas np,q and ln with 2p + q > 2 and n > 2. Let T (n) denote the set
of all partially planar trees T with n leaves whih an be obtained by grafting a nite number of
orollas in the above set. Let To(p, q) ⊆ T (p+ q) denote the subset of trees with planar root having
p spatial leaves and q planar leaves. Let Tc(n) ⊆ T (n) be the subset of trees with spatial root.
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Denition 4.3. For 2p + q > 2, we dene N∞(p, q) as the vetor spae spanned by To(p, q) and
for n > 2, L∞(n) is dened as the vetor spae spanned by Tc(n). The spae N∞(0, 1) is dened
as the vetor spae spanned by the tree with only one planar edge and no verties, while L∞(1) is
dened similarly as the vetor spae spanned by the tree with only one spatial edge and no verties.
Observation 4.4. Notie that if a tree in T (n) has a spatial root, then all of its edges must also
be spatial beause of the orollas we have hosen as generators.
Let |i(T )| be the number of internal edges of T , we dene the degree of T ∈ T (n) as follows:
(20) |T | =
{
|i(T )|+ 2− 2p− q, if T ∈ To(p, q)
|i(T )|+ 3− 2n, if T ∈ Tc(n)
in partiular, |np,q| = 2 − 2p − q and |ln| = 3 − 2n. Now we an dene the spaes: N∞ =⊕
k+l>1N (k, l) and L∞ =
⊕
n>1 L∞(n), and nally dene:
(21) OC∞ = L∞ ⊕N∞.
There is a symmetri group ation on spatial leaves by permuting the labels of the spatial leaves,
and there is no symmetri group ation on planar leaves. In other words, given a tree T ∈ OC∞
with p spatial leaves and q planar leaves, the group Sp ats on T by permuting the labels of the
spatial leaves, while the planar leaves remain xed.
The spae OC∞ we have just dened has the struture of a 2-oloured operad of graded vetor
spaes dened by the grafting operations ◦i and •i and by the symmetri group ation on spatial
leaves. Let us now dene a dierential operator d : OC∞ → OC∞. We proeed analogously to the
denition given in [12℄ (see also [18℄).
Let us rst dene the ation of d on orollas ln and np,q:
(22) d ln =
∑
k+l=n+1
k,l>2
∑
unshuffles σ:
{1,2,...,n}=I1∪I2
#I1=k, #I2=l−1
I1︷ ︸︸ ︷ I2︷ ︸︸ ︷
observing that an unshue σ is equivalent to a partition (1, 2, . . . , n) = I1 ∪ I2 into two ordered
subsets I1 and I2. On the other hand: d nn,m =
(23)
=
∑
k+l=n+1
k,l>2
∑
unshuffles σ:
{1,2,...,n}=I1∪I2
#I1=k, #I2=l−1
( 1 · · · mI1︷ ︸︸ ︷ I2︷︸︸︷
+
∑
06i,s6m
(−1)s+i+si+ms
1·· i
I1︷︸︸︷ I2̂ · · i+s · · · m)
.
One d is dened on the generators of OC∞, it is extended to the whole operad by the Leibniz rule:
d (T ◦i T1) = d T ◦i T1 + (−1)
|T |T ◦i d T1 d (T •i T2) = d T •i T2 + (−1)
|T |T •i d T2
where: T1 is a tree with spatial root and T2 is a tree with planar root. With the operator d, OC∞
beomes a dierential graded 2-oloured operad.
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Observation 4.5. For trees in OC∞, let T
′
→ T indiate that T is obtained from T
′
by ontrating
a spatial or planar internal edge. The above dened dierential operator d : OC∞ → OC∞ is, up to
sign, simply given by:
d(T ) =
∑
T ′→T
± T
′
,
the only dierene between the above denition and the original one in [16℄ is the sign.
Aording to the grading dened by (20), the operator d has degree 1. So OC∞ is an operad of
ohain omplexes.
Given two dierential graded vetor spaes L and A, we say that (L,A) is an algebra over OC∞
if there is a morphism of dierential graded 2-oloured operads:
Ψ : OC∞ → EndL,A
where EndL,A is the 2-oloured endomorphism operad of the pair (L,A), as desribed by (5). Sine
Ψ is a hain map and the dierential operator ∂ on EndL,A is preisely the one used in formulas
(10) and (11), it follows that (L,A) is an algebra over OC∞ if, and only if, it admits the struture
of an OCHA.
Observation 4.6. By denition, OC∞ = L∞ ⊕ N∞, where N∞ is spanned by trees with planar
root. For trees in OC∞, grafting two trees T1 and T2 where at least one of them has a planar root
always results in a tree with a planar root. So, N∞ is an ideal in OC∞. On the other hand, L∞ is
a suboperad of OC∞, sine trees with spatial root an only have spatial edges. Finally, we observe
that OC∞ has a struutre of module over L∞ given by the grafting operation in OC∞.
5. The ompatifiation C(p, q)
In this setion we reall the onstrution of the spae C(p, q), rst introdued by Kontsevih in
[19℄. We use the fat that C(p, q) is a manifold with orners and study the ombinatoris of its
boundary strata to show that the rst row of the E1 term of the spetral sequene determined by
C(p, q) is isomorphi, as a dierential omplex, to N∞(p, q).
Let p, q be non-negative integers satisfying the inequality 2p + q > 2. We denote by Conf(p, q)
the onguration spae of marked points on the upper half plane H = {z ∈ C | Im(z) > 0} with p
points in the interior and q points on the boundary (real line):
Conf(p, q) = {(z1, . . . , zp, x1, . . . , xq) ∈ H
p+q | zi1 6= zi2 , xj1 6= xj2 ∀i1 6= i2, j1 6= j2
Im(zi) > 0, Im(xj) = 0 ∀i, j}
The above onguration spae Conf(p, q) is the artesian produt of an open subset of Hp and
an open subset of Rq and, onsequently, is a 2p+q dimensional smooth manifold. Let C(p, q) be the
quotient of Conf(p, q) by the ation of the group of orientation preserving ane transformations
that leaves the real line xed:
C(p, q) = Conf(p, q)
/
(z 7→ az + b) a, b ∈ R, a > 0.
The ondition 2p+ q > 2 ensures that the ation is free and thus C(p, q) is a 2p+ q− 2 dimensional
smooth manifold.
Let Confn(C) be the onguration spae of n points in the omplex plane. We take the
quotient by ane transformations z 7→ az + b where a ∈ R, a > 0 and b ∈ C and dene
C(n) := Confn(C)
/
(z 7→ az + b). Again C(n) is a smooth manifold. The real version of the
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Fulton-MaPherson ompatiation C(n) is dened in the usual way, see [1, 9, 27℄. Let φ be the
embedding:
(24) φ : C(p, q) −→ C(2p+ q)
dened by φ(z1, . . . , zp, x1, . . . , xq) = (z1, z¯1, . . . , zp, z¯p, x1, . . . , xq), where z¯ denotes omplex onju-
gation.
Denition 5.1. The ompatiation of the onguration spae C(p, q) is dened as the losure in
C(2p+ q) of the image of φ. It will be denoted by C(p, q).
The ompatiation C(n) of points in the plane an be intuitivelly desribed through bubbling
os on the sphere (the one point ompatiation of the plane). In the ase of C(p, q), one an
think of the losed dis as the one point ompatiation of the upper half plane and think of the
embedding φ as taking the losed dis to the upper hemisphere of the above sphere. Puntures in
the bulk of the dis are reeted through the equator. Points in C(p, q) an be intuitivelly desribed
through bubbling os on the dis. Those bubbling os are pitured in the next gures.
a)
∞
∞
⇒
b)
∞
∞
⇒
Figure 1. The two possible types of bubbling o on the losed dis.
5.1. The Stratiation of C(p, q). The ombinatoris of the ompatiation C(n) of the on-
guration spae of points in the omplex plane is well known to be desribed in terms of trees. In
other words, its boundary strata an be labeled by trees (see: [1, 9, 18, 27, 33, 34℄). Sine C(p, q)
was dened through the embedding φ : C(p, q)→ C(2p+ q), it naturally inherits its ombinatoris
from that of C(2p+ q). Leaves orresponding to the p points in the bulk of the upper half plane
are spatial, while leaves orresponding to the q points on the boundary (real line) are planar. The
ombinatoris of C(p, q) is thus desribed by partially planar trees. We follow the notation of [18℄
and state this fat in the following theorem.
Theorem 5.2. There is a stratiation of C(p, q) suh that:
(1) C(p, q) =
∐
T∈To(p,q)
ST . Eah stratum ST is a smooth submanifold and codimRST = |i(T )| =
number of internal edges of T ;
(2) there is a unique open stratum Snp,q = C(p, q) 2p+ q > 2;
(3) for eah tree T ∈ To(p, q) we have the identity
ST = Snp1,q1 × Sδ1 × · · · × Sδn
where eah δi is a orolla of the form nk,l or lk, and T is obtained by grafting the orollas
δ1, . . . , δn to np1,q1 .
(4) The boundary of the losure ST of eah stratum is given by ∂ST =
⋃
T ′→T ST ′ ,
where T ′ → T means that T is obtained from T ′ by ontrating a internal edge.
In ase p = 0, the spae C(0, q) is the assoiahedron Kq [28, 29℄. The labeling of the boundary
strata of C(0, q), in this ase, redues to the well known labeling of the faets of Kq by planar trees.
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Example 5.3 (C(1, q) is the ylohedron Wq+1). The ylohedron was introdued by Bott and
Taubes [4℄ and reeived its name from Stashe [30℄. It is dened as the Fulton-MaPherson om-
patiation of the onguration spae of points on the irle S1 modded out by the group of rotations
SO(2) = S1. The equivalene between C(1, q) and Wq+1 will be desribed below in terms of partially
planar trees using the above theorem.
By xing the interior point of C(1, q) to be equal to i ∈ C, the remaining points are on the real
line. It is not diult to see that C(1, q) is an open simplex homeomorphi to the onguration
spae of points on the irle modded out by SO(2). The ompatiation C(1, q) is obtained from
that open simplex by performing iterated blow ups. Hene C(1, q) is a polytope. In order to show that
C(1, q) and Wq+1 are equivalent polytopes, we just need to establish a one-to-one orrespondene
between braketings around the q+ 1 marked points on the irle (q points on the real line plus one
point marked ∞) and the partially planar trees in To(1, q), showing also that the orrespondene
respets the inidene relations.
In fat, for any q > 0 the faets of the ylohedron Wq+1 are labeled by (i.e. are in one-to-one
orrespondene with) all the meaningful ways of inserting brakets in an expression of q + 1 letters
disposed on a irle. The odimension of the faet orresponding to a given braketing is equal
to the number of brakets inserted, as illustrated by Figure 3 (see also Devadoss' paper [6℄ on the
ylohedra.).
First reall that C(1, q) an be desribed as the ompatied onguration spae of points on the
losed dis (the one point ompatiation of the upper half plane) with 1 point in the interior of
the dis, q points on the boundary of the dis plus one boundary point marked as ∞. From the
bubbling o desription of points in the ompatiation, we know that eah faet of odimension
k in C(1, q) orresponds to k + 1 diss joined at points in the boundary suh that exatly one of
those diss ontains one point in the bulk while the others ontain only points in the boundary.
Let us exhibit the orrespondene between `irular braketings' and `bubbling os'. Consider a
point in C(1, q) in the bubbling o desription, as a number of diss joined at double points. There
is only one of these diss whih ontains the interior point, the remaining ones only ontain points
in the boundary. The orrespondene goes as follows (see Figure 2):
(1) the dis ontaining the interior point orresponds to the irle;
(2) points on the boundary of the dis ontaining the interior point orrespond to points on the
irle whih are not inside any braket;
(3) a dis joined to the dis ontaining the interior point orresponds to a braketing; two diss
joined orrespond to a braketing inside another braketing or to two disjoint braketings,
and so on.
In order to get a tree from the bubbling o, we assoiate to the diss their dual graphs. Aording
to the usual proedure, eah dis orrespond to a vertex; the point marked ∞ orresponds to the
root; the double points orrespond to the edges and the remaining marked points orrespond to the
leaves. Sine the orrespondene between braketings on S1 and joining diss is established, there
follows the orrespondene between braketings on S1 and trees in To(1, q) (see Figure 2). Sine
the faets of both polytopes are in a one-to-one orrespondene ompatible with their orresponding
boundaries, it follows that Wq = C(1, q).
Figures 3 and 4 on page 22 illustrate the spaes C(1, 2) and C(2, 0). Figure 5 on page 23 is a por-
trait of C(2, 1) due to S. Devadoss where we have inluded the partially planar trees orresponding
to its odimension one boundary strata (see also [15℄). The OCHA relations orresponding to the
spaes C(2, 0), C(1, 2) and C(2, 1) are given in formulas (14), (15) and (16).
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⇔ ⇔
Figure 2. Example of the orrespondene between irular braketings and trees.
5.2. The spae C(p) as a deformation retrat of C(p, q). We lose the present setion by
pointing out a fat that will play a ruial role in the proof of our main theorem (Theorem 6.6).
There is a stratum ST in C(p, q) whih is homeomorphi to C(p), where T is the following tree:
(25) T =
2 1 . . .
. . .
2 q1 . . .
. . .
p
,
moreover, ST is a deformation retrat of C(p, q).
In fat, by putting a ollar neighborhood along the boundary, we see that there is a deformation
retration of C(p, q) onto C(p, q) = C(p, q) \ ∂ C(p, q). This last spae was dened as the quotient
of Conf(p, q) by the group of ane transformations z 7→ az + b, where a, b ∈ R. Sine that group
is ontratible, C(p, q) is homotopy equivalent to Conf(p, q). Now, Conf(p, q) is homeomorphi to
ConfC(p)×ConfR(q) and ConfR(q) is well known to be ontratible. Thus, by omposing all those
ontrations and homotopy equivalenes, we get the laimed deformation retration of C(p, q) onto
ST . To see that ST is in fat homeomorphi to C(p), just notie that T is obtained by grafting the
trees lp, n1,0 and a binary planar tree. The onguration spae orresponding to n1,0 and to any
binary planar tree is just one point, the homeomorphism thus follows from Theorem 5.2. Notie
that the retration is essentialy determined by the ontration of ConfR(q) to a single point. This
means that the onguration of the interior points are unaeted during the ontration of C(p, q)
onto ST = C(p).
Those fats will be used in the next setion along with the fat, proven by P. May in [25℄, that
C(p) is Sp-equivariantly homotopy equivalent to D(p), where D denotes the little diss operad.
6. OCHA and the spetral sequene of C(p, q)
In this setion we show that the rst row of the E1 term of the spetral sequene of C(p, q)
is isomorphi, as a hain omplex, to N∞(p, q). The isomorphism is natural with respet to the
operad omposition. This fat depends ruially on the study of the stratiation of C(p, q) as a
manifold with orners.
Every ompat manifold with orners indues a spetral sequene onverging to its homology. In
fat, the boundary strata of the manifold indues a natural ltration on its singular hain omplex
whih ensures the existene of the spetral sequene. Sine the boundary ltration is nite, the
spetral sequene is onvergent.
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Let us study the spetral sequene in the ase of the manifold C(p, q). Consider the topologial
ltration of C(p, q):
F iC(p, q) = {losure of the union
∐
T ST of strata of dimension i} =
⋃
{ST | dimST = i}
We will denote F iC(p, q) more simply by F i, with 2p + q − 2 > i > 0, remembering that the
dimension of C(p, q) is 2p + q − 2. The topologial ltration indues a ltration on the singular
hain omplex of C(p, q) and we have the spetral sequene.
Theorem 6.1. There is a spetral sequene Erm,n onverging to H∗(C(p, q)). Its E
1
term has the
form E1m,n = Hm+n(F
m, Fm−1) and, for n = 0, the omplex
0→ E12p+q−2,0 → · · · → E
1
m,0 → E
1
m−1,0 → · · · → E
1
0,0 → 0
is isomorphi to the p, q omponent N∞(p, q) of the ideal N∞ ✁OC∞.
Proof. From Theorem 5.2, we have: Fm \Fm−1 =
∐
|T |=−m
ST , where |T | is the degree of T dened
by (20). The equality |T | = −m means that the number of internal edges of T is equal to the
odimension of its orresponding submanifold ST . Using the Lefshetz duality theorem:
(26) E1m,0 = Hm(F
m, Fm−1) = H0(Fm \Fm−1) = H0(
∐
|T |=−m
ST ) =
⊕
|T |=−m
k.
As a vetor spae, E1m,0 is thus exatly the vetor spae generated by trees of degree−m inN∞(p, q).
The spetral sequene is a homology spetral sequene, hene |d1| = −1. On the other hand, N∞
is an ideal in OC∞ whih is an operad of ohain omplex. So the diferential d in the ideal N∞
has degree 1. This is onsistent with the fat, used in (26), that the degree of a tree is minus the
dimension of its orresponding relative homology lass.
Now we need to hek that the dierential d1 on the rst row of the spetral sequene oinides
with d dened by formulas (22) and (23).
In fat, by Theorem 5.2 and the Lefshetz duality, eah relative lass in Hm(F
m, Fm−1) is given
by the losure ST of a submanifold ST . To see that d
1
oinides with d, reall that the operator d1
is given by the relativization of the boundary operator ∂:
Hm−1(F
m−1)
Hm(F
m, Fm−1)
d1m →
∂m→
Hm−1(F
m−1, Fm−2).
jm−1
→
Item 4 of Thm. 5.2, says that: ∂ST =
⋃
T ′→T ST ′ . Observation 4.5 (pg. 11) implies that d
1 = d. 
Observation 6.2. It is still neessary to hek that the signs given by the oboundary operator in
the spetral sequene oinide with the signs given in formulas (22) and (23). That is a somewhat
tedious exerise whih onsists of omparing the orientation indued on the produt of two oriented
manifolds with the orientation indued by the operadi embedding of that produt manifold into the
boundary strata of other oriented manifold.
6.1. The Quasi-isomorphism of L∞-modules. Aording to Denition 2.4, the open-losed
operad OC is the operad generated by top-dimensional homology lasses of the swiss-heese operad,
i.e., OC is the suboperad of H•(SC) generated by n1,0, l2 and n0,2 (see Denition 2.4). Reall L
is the suboperad of H•(D) dened by L(n) = Hn−1(D(n)) for n > 1. We refer to L as the Lie
operad, sine algebras over it are equivalent to Lie algebras (see Observation 2.5 pg. 6). From the
tree desription of H•(SC) given in setion 2, we see that OC is a suboperad of OC∞.
We know that OC∞ is an L∞-module (see Observation 4.6) and that OC is an L-module, sine
L is an suboperad of OC. Consequently, OC has a natural struture of L∞-module indued by the
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well known quasi-isomorphism of operads: µ : L∞ → L dened by µ(l2) = l2 and µ(ln) = 0 for
n > 3 (see [2224℄ for details).
Proposition B.1 in the Appendix says that there is a morphism of dierential graded L∞-modules
extending the identity on OC:
(27) µ : OC∞ → OC.
The L∞-morphism µ vanishes on the orollae that are not in OC. The restrition of µ to L∞
oinides with the above mentioned quasi-isomorphism between L∞ and L. Sine OC∞ = L∞⊕N∞,
in order to prove that µ is a quasi-isomorphism of L∞-modules, we need to study the ohomology
of the ideal N∞(see orollary 6.5).
Let us begin by showing that, for any p, q suh that 2p + q > 2, the ohomology of N∞(p, q)
is isomorphi, as Z-graded vetor spaes, to H•(D(p)) (where D is the little diss operad). From
Theorem 6.1, N∞(p, q) is isomorphi to the omplex given by:
0 −→ H2p+q−2(F
2p+q−2, F 2p+q−3) −→ · · · −→ Hm(F
m, Fm−1) −→ · · · −→ H0(F
0) −→ 0
where eah F i is the losure of the disjoint union of the i-dimensional strata of C(p, q).
Notie that Erm,n is a homology spetral sequene onverging to H∗(C(p, q)). In the proof of
Theorem 6.1, we have seen that the above omplex is isomorphi to a omplex generated by trees
whose degree is minus the degree of their orresponding relative homology lasses. So, it is a ohain
omplex generated by trees, preisely: N∞(p, q). In what follows, we use this to establish a relation
between the ohomology of N∞ and the homology of the little disks operad.
Sine eah stratum is a smooth submanifold, it follows that F i has the homotopy type of a CW
omplex. The manifold C(p, q) has thus the homotopy type of a CW omplex X suh that eah
skeleton X i is homotopy equivalent to F i. It is well known that for any CW omplex, the map
Hn(X
n) → Hn(X
n+1) ≃ Hn(X), indued by the inlusion X
n →֒ Xn+1, is surjetive for all n.
Consequently, the map
Hn(F
n)→ Hn(F
n+1) ≃ Hn(C(p, q))
is also surjetive. For the same reason, we have: Hn(F
n−1) ≃ Hn(X
n−1) = 0. Now, onsider the
usual ommutative diagram:
0 Hn(F
n+1)≃ Hn(C(p, q))
Hn(F
n)
→→
· · · → Hn+1(Fn+1, Fn)
dn+1
→
∂n+
1
→
Hn(F
n, Fn−1)
dn
→
jn
→
Hn−1(F
n−1, Fn−2) → · · · ,
Hn−1(F
n−1) jn−
1
→
∂
n
→
0
→
sine Hn(F
n)→ Hn(Fn+1) ≃ Hn(C(p, q)) is surjetive and Hn(Fn)
jn
−→ Hn(Fn, Fn−1) is injetive,
from the exatness of the sequene of the pair (Fn, Fn−1) one an see that the nth ohomology group
of the omplex N∞(p, q) is isomorphi to Hn(C(p, q)). As observed before, C(p, q) is homotopy
equivalent to D(p), so the following lemma is proved.
Lemma 6.3. Hk(N∞(p, q)) ≃ Hk(D(p)) for every k > 0 and p, q suh that 2p+ q > 2.
For any q > 0, onsider the following sequene of vetor spaes:
H•(N∞(_, q)) := {H
•(N∞(p, q))}p>1.
Sine L is just the operad generated by a binary tree l2 of degree 1 whih is invariant under the
ation of the symmetri group S2 and satises the Jaobi identity, there is a natural injetion
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L →֒ H•(OC∞). Sine N∞ is an ideal in OC∞, it follows that H•(N∞) is an ideal in H•(OC∞).
Consequently, for any q > 0 we have a struture of L-module on H•(N∞(_, q)). Sine L =
{Hn−1(D(n))}n>1 is a suboperad of H•(D), we also have a natural struture of L-module on
H•(D). The next proposition is a stronger version of the above lemma.
Proposition 6.4. For any q > 0, H•(N∞(_, q)) and H•(D) are isomorphi as L-modules.
Proof. At the end of setion 5 we observed that C(p, q) deformation retrats to a stratum ST
whih is homeomorphi to C(p). That deformation retrat takes eah stratum of dimension m
(represented by a partially planar tree of degree −m) in C(p, q) to an m-dimensional singular hain
in ST = C(p).
In fat, following the notation of Theorem 5.2, let SU be a stratum of dimension m orresponding
to a tree U of degree |U | = −m. Its losure SU is a onneted smooth oriented manifold with
orners (topologially it is a manifold with boundary). Let [SU ] be the relative fundamental lass
inHm(SU , ∂SU ). For eah stratum SU , take a singular hain in C(p, q) representing the fundamental
lass [SU ]. By omposing with the ontration C(p, q) → C(p), we see that those singular hains
are taken to singular hains in C(p). Hene we have a hain map:
(28) ψp : N∞(p, q) −→ C∗(C(p))
and an indued map in homology
(29) Ψp : H
•(N∞(p, q)) −→ H•(C(p)) ≃ H•(D(p)), for eah p > 1.
Sine the ontration leaves the onguration of the interior points unaeted (see subsetion
5.2), lasses representred by trees with only spatial edges will also be unaeted. It follows that
the lass [Sδk◦iU ] = [Sδk ] × [SU ] will be taken to the lass [Sδk ] × ψp([SU ]) for any spatial orolla
δk ∈ L∞. Consequently, the sequene of maps {Ψp} dene a morphism of L-modules:
Ψ : H•(N∞(_, q)) −→ H•(D).
In order to show that Ψ is an isomorphism, let us now onstrut a map from H•(D(p)) to
H•(N∞(p, 0)), for eah p > 1. In ase p = 1, dene the map:
Φ1 : H•(D(1)) −→ H
•(N∞(1, 0))
by taking the identity in e ∈ H•(D(1)) into n1,0 = .
When p = 2, the map Φ2 : H•(D(2)) −→ H•(N∞(2, 0)) is dened by:
7−→ and 7−→ .
Now that we have dened our maps on the operad generators of H•(D), we dene the map Φp :
H•(D(p))→ H•(N∞(p, 0)), for any p, in the following way:
i) if T ∈ H•(D(p)) has only white verties (i.e., orresponds to a zero dimensional homology
lass), then Φp(T ) is dened by grafting n1,0 to all the leaves of the tree obtained from T by
making all verties blak and all edges straight;
ii) extend Φp to the whole H•(D(p)) so that the resulting map
(30) Φ : H•(D)→ H
•(N∞(_, 0))
beomes a morphism of left modules over L = {Hn−1(D(n))}n>1, i.e., suh that
Φ(T ◦i l2) = Φ(T ) ◦i l2, for any T ∈ H•(D).
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In onlusion, we have dened another morphism of L-modules
Φ : H•(D)→ H
•(N (_, 0)).
To see that Φ : H•(D) → H•(N∞(_, 0)) is an isomorphism, let us show that the omposition
Ψ ◦ Φ is the identity in H•(D). In fat: sine both Ψ and Φ are morphisms of L-modules, we need
only to hek that on generators. Observe that orrespond to a zero dimensional omponent
of the boundary strata of C(2, 0) and is taken to the zero dimensional generator ∈ H0(D(2))
under the deformation retration C(2, 0) → C(2) ∼= D(2) used to dene Ψ. On the other hand,
is homemorphi to S1 (see Figure 4 pg. 22) and is naturally taken to ∈ H1(D(2)) under
the same deformation retration, so Ψ ◦ Φ = Id. From lemma 6.3, we know that the vetor spaes
H•(D(p)) and H•(N∞(p, 0)) have the same dimension for eah p > 1. It follows that Φ is in fat a
bijetion.
Finally we just need to observe that H•(N∞(_, 0)) is naturally isomorphi as an L-module to
H•(N∞(_, q)) for any q > 0. The isomorphism being indued by the grafting operation with some
xed binary planar tree T with q + 1 leaves. 
Corollary 6.5. The ohomology H•(N∞) is the ideal of H•(OC∞) generated by n1,0 and n0,2.
Proof. It is immediate from the expliit denition of the L-isomorphism Φ that any lass in
H•(N∞(p, q)) an be obtained by grafting a nite number of trees of the form n1,0 and n0,2 followed
by grafting a nite number of the form l2, i.e., by the ation of L on H•(N (_, q)). 
We an now prove our main result.
Theorem 6.6. The morphism of dierential graded L∞-modules µ : OC∞ −→ OC indues an
isomorphism in ohomology.
Proof. It is suient to show that the ohomology OCHA operad H•(OC∞) and OC are isomorphi
as operads of graded vetor spaes. Let us rst reall that the operad OC∞ is deomposed as a
diret sum: OC∞ = L∞ ⊕N∞, where L∞ is the operad of L∞-algebras and N∞ is the is the ideal
of partially planar trees with planar root. Sine the dierential operator d respets the diret sum
deomposition, the homology of OC∞ is a diret sum: H
•(OC∞) = L ⊕ H
•(N∞). Now we just
observe that L is the operad generated by l2 and, from Corollary 6.5, H•(N∞) is generated by n1,0
and n0,2. The relations listed in the statement of Theorem 2.2 are naturally satised in H
•(OC∞)
sine they are just the homology version of the OCHA axioms. 
Considering that OC is a suboperad of H•(SC), an interesting problem that might be pursued
in a sequel to the present paper is to extend our results to the whole operad H•(SC). That would
involve the entire spetral sequene of C(p, q) (see also the omments at the end of [32℄).
Appendix A. OCHA as a Coderivation Differential
We say that a oderivation φ ∈ Coder(Sc(U) ⊗ T c(V )) is in OCHA form if it an be written
as a sumation
φ =
∑
n>1
g˜n +
∑
p+q>1
f˜p,q,
where g˜n and f˜p,q denote the lifting as a oderivation of some maps: gn : U
∧n → U and fp,q :
U∧p ⊗ V ⊗q → V . In [14℄ we have proven that all oderivations in Coder(Sc(U) ⊗ T c(V )) are in
OCHA form for any vetor spaes U and V over a eld k of harateristi zero.
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Proposition 3.4. An OCHA struture (L,A, l, n), in the grading and signs onventions of dention
3.2, is equivalent to a degree one oderivation D ∈ Coder(Sc(↓↓L)⊗ T c(↓A)) suh that D2 = 0.
Proof. Let us begin by dening: l˜1 = −l1 and n˜0,1 = −n0,1 as the dierential operators respetively
on ↓↓L and on ↓A. Let D ∈ Coder(Sc(↓↓L) ⊗ T c(↓A)) be any degree one oderivation suh that
D2 = 0. Sine any oderivation in Coder(Sc(↓↓L)⊗ T c(↓A)) is in OCHA form, D is obtained by
lifting maps l˜n : (↓↓L)⊗n →↓↓L for n > 1 and n˜p,q : (↓↓L)⊗p ⊗ (↓A)⊗q →↓A for p+ q > 1, where all
the maps l˜n and n˜p,q have degree one.
Equation D2 = 0 holds if and only if {l˜n}n>1 satises the onditions of an L∞ algebra and
{n˜p,q}p+q>1 satises the onditions of an OCHA as originally dened in [16℄:
(31) 0 =
∑
σ∈Σp+r=n
(
n˜1+r,m(l˜p⊗1
⊗ r
L ⊗1
⊗m
A ) +
∑
i+j+s=m
n˜p,i+1+j(1
⊗ p
L ⊗1
⊗ i
A ⊗n˜r,s⊗1
⊗ j
A )
)
(E(σ)⊗1⊗mA ).
Now dene maps ln : L
⊗n → L and np,q : L
⊗p ⊗A⊗q → A, with deg(ln) = 3− 2n and deg(np,q) =
2− 2p− q suh that: l˜p =↓↓ lp(↑↑)⊗p and n˜p,q = ↓ np,q(↑↑⊗p ⊗ ↑⊗q). Thus:
n˜1+r,m(l˜p ⊗ 1
⊗ r
L ⊗ 1
⊗m
A ) +
∑
i+j+s=m
n˜p,i+1+j(1
⊗ p
L ⊗ 1
⊗ i
A ⊗ n˜r,s ⊗ 1
⊗ j
A ) =
= ↓ n1+r,m(↑↑
⊗1+r ⊗ ↑⊗m)(↓↓ lp(↑↑)
⊗p ⊗ 1⊗ rL ⊗ 1
⊗m
A ) +
+
∑
i+j+s=m
↓ np,i+1+j(↑↑
⊗p ⊗ ↑⊗i+1+j)(1⊗ pL ⊗ 1
⊗ i
A ⊗ ↓ nr,s(↑↑
⊗r ⊗ ↑⊗s)⊗ 1⊗ jA ) =
= ↓ n1+r,m(lp ⊗ 1
⊗ r
L ⊗ 1
⊗m
A )(↑↑
⊗n ⊗ ↑⊗m)+
+
∑
i+j+s=m
(−1)js+i ↓ np,i+1+j(1
⊗ p
L ⊗ 1
⊗ i
A ⊗ nr,s ⊗ 1
⊗ j
A )(↑↑
⊗n ⊗ ↑⊗m) =
= ↓
(
n1+r,m(lp⊗1
⊗ r
L ⊗1
⊗m
A ) +
∑
i+j+s=m
(−1)js+inp,i+1+j(1
⊗ p
L ⊗1
⊗ i
A ⊗nr,s⊗1
⊗ j
A )
)
(↑↑⊗n ⊗ ↑⊗m),
where the sign (−1)js+i omes from the Koszul sign onvention. Observing that l˜1 = −l1, n˜0,1 =
−n0,1 and (−1)js+i = (−1)s+i+si+ms, we obtain formula (11) from formula (31). 
Appendix B. Existene of the DG L∞-module morphism
Proposition B.1. There is a morphism of dierential graded L∞-modules µ : OC∞ → OC extend-
ing the identity on OC, i.e., suh that the following diagram is ommutative:
OC∞
OC
∪
↑
id
→ OC .
µ
→
Proof. In this proof we shall omit the labels on trees beause they are not ruial in the argument.
The open-losed operad OC is a dierential graded operad where the dierential operator δ is
trivial: δ ≡ 0. On the other hand, the dierential operator d of the OCHA operad OC∞ is dened
by formulas (22) and (23). We will exhibit a hain map µ : OC∞ → OC whih is also a morphism
of L∞-modules. In other words, µ must satisfy two onditions:
µ(dT ) = 0, ∀T ∈ OC∞
µ(l ◦i T ) = l ◦i µ(T ), ∀T ∈ OC∞ and ∀l ∈ L∞.
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Let E be the L∞-submodule of OC∞ generated by OC and by :
E =
〈
OC ,
〉
On the generators of the submodule E , the map µ is dened in the following way:
µ(T ) = T ∀T ∈ OC and µ
( )
= −
1
2
and it is extended to E as an L∞-morphism. Finally, for any tree T ∈ OC∞ suh that T /∈ E , we
dene µ(T ) = 0. We thus have an L∞-morphism:
µ : OC∞ → OC.
It remains to show that µ is a hain map, i.e., that µ(d T ) = 0 for any tree T ∈ OC∞. Given any
tree T ∈ OC∞, d T is a summation of trees. By the denition of µ, if T is suh that d T has no
omponents in E , then µ(d T ) = 0. Hene, we just need to onsider those elements T ∈ OC∞ suh
that d T has some omponent in E . Suh elements form an L∞-submodule of OC∞ whih will be
denoted by E ′. More preisely:
E ′ := {T ∈ OC∞ : d T = T1 + T2, T1 ∈ E , T1 6= 0}.
Any tree T is obtained by grafting a nite number of orollae whih we all the irreduible
omponents of T . Reall that, for n > 3, the L∞-module ation of ln ∈ L∞ on any element of OC
is zero sine that ation is dened through the quasi-ismorphism µ : L∞ → L, and µ(ln) = 0 for
n > 3. From the denition of µ : OC∞ → OC and the denition of the L∞-module struture on
OC, one an see that the irreduible omponents of any tree T ∈ E ′ suh that µ(dT ) 6= 0 ould only
be one of the following orollae: , , , , , ,
 .
Consequently, we just need to hek that µ(d T ) = 0 where T is any of the above orollae. In the
ase of T = : µ
(
d
)
= µ
(
+ +
)
= − + = 0, sine
by denition we have: µ( ) = − 12 , µ( ) = and beause the wiggly edges are
spatial, we also have: = . The other orollae an be handled similarly. 
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Figure 3. Cylohedron C(1, 2) and its ells labelled by irular braketings and by trees.
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Figure 4. The spae C(2, 0) = The Eye and its boundary strata labelled by trees.
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Figure 5. The spae C(2, 1), whih is topologially equivalent to a solid torus,
and its odimension 1 boundary omponents labelled by partially planar trees.
